Abstract. Given hypergraphs F and H, an F -factor in H is a set of vertex-disjoint copies of F which cover all the vertices in H. Let K − 4 denote the 3-uniform hypergraph with 4 vertices and 3 edges. We show that for sufficiently large n ∈ 4N, every 3-uniform hypergraph H on n vertices with minimum codegree at least n/2 − 1 contains a K MSC2000: 5C35, 5C65, 5C70.
Introduction
Given two hypergraphs H and F , an F -tiling in H is a collection of vertex-disjoint copies of F in H. An F -tiling is called perfect if it covers all the vertices of H. Perfect F -tilings are also referred to as F -factors or perfect F -packings. Note that perfect F -tilings are generalisations of perfect matchings (which correspond to the case when F is a single edge).
Tiling problems have been widely studied for graphs. The seminal Hajnal-Szemerédi theorem [8] states that every graph G on n ∈ rN vertices and with δ(G) ≥ (1 − 1/r)n contains a K r -factor. More generally, given any graph F , Kühn and Osthus [13] determined, up to an additive constant, the minimum degree threshold that forces a F -factor in a graph. See [14] for a survey including many of the results on graph tiling.
Given a k-uniform hypergraph (k-graph for short) H with a d-element vertex set S (where 0 ≤ d ≤ k − 1) we define the degree deg H (S) of S in H to be the number of edges containing S. The minimum d-degree δ d (H) of H is the minimum of deg H (S) over all d-element sets of vertices in H. We also refer to δ 1 (H) as the minimum vertex degree of H and δ k−1 (H) the minimum codegree of H.
In recent years there have been significant efforts on finding minimum d-degree conditions that force a perfect matching in a k-graph. For example, for every k ≥ 3, Rödl, Ruciński and Szemerédi [20] determined the minimum codegree threshold that forces a sufficiently large k-graph H to contain a perfect matching. Other than the matching problems, only a few hypergraph tiling problems have been studied -most of them were done recently.
Given a k-graph F of order f and an integer n divisible by f , we define the threshold δ d (n, F ) as the smallest integer t such that every n-vertex k-graph H with δ d (H) ≥ t contains an Ffactor. We simply write δ(n, F ) for δ k−1 (n, F ). One of the earliest results on hypergraph tiling was given by Kühn and Osthus [12] , who proved that δ(n, C 3 4 ) = n/4 + o(n), where C 3 4 is the (unique) 3-graph with four vertices and two edges. Later Czygrinow, DeBiasio, and Nagle [3] showed that for sufficiently large n ∈ N, δ(n, C 3 4 ) = n/4 + 1 if n ∈ 8N and δ(n, C 3 4 ) = n/4 Let γ > 0 and H and H ′ be two 3-graphs on the same vertex set V . We say that H γ-contains H ′ if |E(H ′ ) \ E(H)| ≤ γ|V | 3 , namely, H misses at most γ|V | 3 edges from H ′ . Given γ > 0, we call a 3-graph H = (V, E) on n vertices γ-extremal if there is a partition of V = A ∪ B such that |A| = ⌊n/2⌋, |B| = ⌈n/2⌉ and H γ-contains B[A, B].
For any x ∈ V (H), we define the link graph L x to be the graph with vertex set V (H) \ {x} and where yz ∈ E(L x ) if and only if xyz ∈ E(H). Let G be a graph, X ⊆ V (G) and x ∈ V (G). We define N G (x), e G (X), G [X] , N G (x, X), deg G (x, X) analogously to the 3-graph case. We write δ(G) for the minimum degree of G and ∆(G) for the maximum degree of G. Given disjoint X, Y ⊆ V (G), we write e G (X, Y ) for the number of edges in G with one endpoint in X and the other endpoint in Y .
Throughout the paper, we write 0 < α ≪ β ≪ γ to mean that we can choose the constants α, β, γ from right to left. More precisely, there are increasing functions f and g such that, given γ, whenever we choose β ≤ f (γ) and α ≤ g(β), all calculations needed in our proof are valid. Hierarchies of other lengths are defined in the obvious way.
2.2.
Overview of the proof of Theorem 1.1. In the next subsection we will combine the three main lemmas of the paper to prove Theorem 1.1. Before this we give an overview of the proof. It is instructive to first describe the strategy used in [15] to prove the asymptotic version of Theorem 1.1.
Let 0 < ε ≪ γ ≪ η and n be sufficiently large. Suppose that H is a 3-graph on n vertices where δ 2 (H) ≥ (1/2 + η)n. The proof in [15] splits into two main tasks.
• Step 1 (Absorbing set): Find an absorbing set W ⊆ V (H) such that |W | ≤ γn. W has the property that given any set U ⊆ V (H) \ W where U ∈ 4N and |U | ≤ εn, both H 
To show that H contains the desired absorbing set W , Lemma 1.1 in [15] implies that it suffices to show that H is closed. Roughly speaking, H is closed if, for any x, y ∈ V (H), there are many small sets S ⊆ V (H) such that both H[S ∪ x] and H[S ∪ y] contain K − 4 -factors (see Section 5 for the formal definition). Using that δ 2 (H) ≥ (1/2 + η)n, it is not too difficult to show that there is a partition of V (H) into at most three parts such that each of these partition classes is closed. So a key task in [15] is to 'merge' these closed classes into a single closed class. For this, it suffices to show that are many 'bridges' between the partition classes (see Lemma 5.3): An (X, Y )-bridge is a triple (x, y, S) where x ∈ X, y ∈ Y and S ⊆ V (H) such that H[S ∪ x] and H[S ∪ y] contain K − 4 -factors. This is precisely the strategy used in [15] to prove that H is closed, and thus contains an absorbing set W . A short argument then shows that, since δ 2 (H ′ ) ≥ (1/2 + η/2)n, H ′ contains an almost perfect K − 4 -tiling, as desired. We now turn to our proof of Theorem 1.1. Let H be a sufficiently large 3-graph on n vertices where δ 2 (H) ≥ n/2 − 1. If H is close to the extremal example B[A, B] then it is not clear whether one can find an absorbing set in H. Indeed, let H * := B[A, B] where |A| = |B| = n/2. Suppose that U ⊆ B where |U | = 4. Consider any
Then it is easy to see that |W ∩ B| ≡ 0 mod 3. However, for any such set W ,
Thus, in the case when H is close to the extremal example B[A, B] we do not use the absorbing method. Instead, in Section 6, we give a direct argument to show that H contains a K − 4 -factor. In the case when H is non-extremal we follow Steps 1 and 2 as above. However, since we now only have that δ 2 (H) ≥ n/2 − 1, the argument becomes significantly more involved.
3
To find an absorbing set when H is non-extremal we again show that H is closed. Suppose that there exists x ∈ V (H) such that there are very few edges abc ∈ E(H) so that abcx spans a copy of K − 4 in H. In this case we give a direct argument to show that H contains an absorbing set (see Lemma 5.6) . Otherwise, we show that our minimum codegree ensures that V (H) can be partitioned into at most four sets such that each is closed in H (see Lemma 5.9) . We again merge these sets into a single closed class by finding many bridges between the sets. For this, we use that if H is non-extremal then in any partition A, B of V (H) with |A|, |B| ≥ n/5, we have many edges that intersect A in precisely 1 vertex and many edges that intersect A at precisely 2 vertices (see Lemma 3.3) . The process of proving that non-extremal 3-graphs H are closed is quite involved and forms the heart of the paper (most of Section 5 is devoted to this task).
In Section 4 we tackle Step 2 for non-extremal 3-graphs H. Our lower minimum codegree condition means that we cannot use the argument from [15] here. Instead, we translate the problem to one on almost perfect matchings in hypergraphs. We then (somewhat carefully) apply a result of Keevash and Mycroft [11] to obtain an almost perfect matching in some auxiliary hypergraph whose 4-edges correspond to copies of K − 4 in H ′ . Thus, we obtain an almost perfect K
Let H be a 3-graph and let V 1 , V 2 , V 3 ⊆ V (H). We say that an edge
The following simple result will be applied in the proof of the non-extremal case of Theorem 1.1. We remark that the property guaranteed by Lemma 3.3 is in fact the only property of non-extremalness that will be used in the proof of Lemma 2.2 (and thus in the entire proof of Theorem 1.1).
Lemma 3.3. Let 0 < 1/n ≪ γ < 1/100. Suppose that H is a 3-graph of order n where δ 2 (H) ≥ (1/2 − γ)n. Let X, Y be any bipartition of V (H) where |X|, |Y | ≥ n/5. If H is not 3γ-extremal, then there exist at least γ 2 n 3 XXY -edges and at least γ 2 n 3 XY Y -edges.
Proof. Suppose that H contains fewer than γ 2 n 3 XXY -edges. We will show that H is 3γ-extremal. (The case when H contains fewer than γ 2 n 3 XY Y -edges is analogous.) We have
Therefore, e(X) ≥ Therefore we have (1/2 − 2γ)n ≤ |X|, |Y | ≤ (1/2 + 2γ)n. This implies that
. After moving at most 2γn vertices from X to Y or from Y to X, we obtain a bipartition
Therefore H is 3γ-extremal. 
Proof. Observe that e(S) = (|Y | − 1)e(XXY ) + (|X| − 1)e(XY Y ), where the sum is over all 4-sets S such that |S ∩ X| = |S ∩ Y | = 2. Our assumption is that there are at most β 
In this section, we prove Lemma 2.1 which implies that any 3-graph H with minimum codegree slightly less than that in Theorem 1.1 must contain an almost perfect K − 4 -tiling. The key tool in the proof of Lemma 2.1 is a result of Keevash and Mycroft [11] on almost perfect matchings in hypergraphs. Before we can state this result, we need the following terminology. For an integer k, a k-system is a hypergraph J in which every edge of J has size at most k and ∅ ∈ E(J). We call an edge of size s in J an s-edge. Let J s be the s-graph on V (J) induced by all s-edges of J. The minimum r-degree of J, denoted byδ r (J), is the minimum deg J r+1 (e) among all e ∈ E(J r ). (Note that this is different from δ r (J r+1 ), which is the minimum deg
We will apply the following special case of Lemma 7.6 from [11] .
Then J k contains a matching M which covers all but at most φn vertices of J.
We now prove Lemma 2.1 by defining a 4-system J such that Proof of Lemma 2.1. Define 1/n ≪ φ ≪ γ ≪ β ≪ c ′ where c ′ is the constant from Proposition 3.1. Let H be as in the statement of the lemma and V := V (H). Define a 4-system J as in (4.1). By Proposition 3.2,δ 3 (J) ≥ (1/4 − 3γ/2)n. Henceδ(J) ≥ (n, n − 1, (1/2 − γ)n, (1/4 − 3γ/2)n). If Lemma 4.1(ii) holds, then J 4 contains a matching M which covers all but φn vertices of J thereby proving the lemma.
Thus we may assume that there exist some p ∈ [3] and a set S ⊆ V with S = ⌊pn/4⌋ where e(J p+1 [S]) < βn p+1 . We note that p = 1, 3. Indeed, for any S of size ⌊n/4⌋, we have e(
Let S ⊆ V be such that |S| = ⌊n/2⌋ and e(J 3 [S]) = e(H[S]) < βn 3 . In general, for any set U ⊆ V with |U | = ⌊n/2⌋ and e(H[S]) < βn 3 , we call a pair xy ∈ Define a 4-system J ′ obtained from J by adding all S-good triples that are not edges of H to the edge set. Because of (b), we have deg
If J ′ also satisfies Lemma 4.1(ii) for p = 2, then Lemma 4.1 gives a matching in J ′ 4 = J 4 which covers all but φn vertices, proving the lemma. Otherwise, there exists S ′ ⊆ V such that |S ′ | = ⌊n/2⌋ and e(J ′ 3 [S ′ ]) < βn 3 . We claim that |S ′ ∩ S| ≤ 3β 1/4 n -otherwise by (a), the number of S-good triples in S ′ ∩ S is at least
Thus S * contains at least n/6 vertices from S or at least n/6 vertices from S ′ \ S. In either case, since J * contains all S-good and S ′ -good triples, we have e(J *
contains a matching M which covers all but φn vertices, proving the lemma.
The absorbing lemma
In this section we prove Lemma 2.2 which is an absorbing result for the case when H is not 3γ-extremal. For this, we need the following terminology. Let H be a 3-graph of order n. Given an integer c ≥ 1 and vertices x, y ∈ V (H), we say that the vertex set S ⊆ V (H) is an (x, y)-connector Given X ⊆ V (H), X being (c, η)-closed in H is not the same notion as H[X] being (c, η)-closed. Indeed, the former implies that between any x, y ∈ X there are at least ηn 4c−1 (x, y)-connectors of length c in H. On the other hand, the latter implies that between any x, y ∈ X there are at least
Given an integer c ≥ 1 and X, Y ⊆ V (H), a triple (x, y, S) is an (X, Y )-bridge of length c if x ∈ X, y ∈ Y and S is an (x, y)-connector of length c.
We will apply the following two results from [16] . The first, a special case of Lemma 1.1 from [16] , states that if H itself is (c, η)-closed then H contains a small absorbing set.
The next result is a special case of Proposition 2.1 from [16] .
Suppose H is a 3-graph of order n and there exists a vertex
The proof of the next simple result is similar to that of Lemma 2.2 from [16] (so we omit it). It states that if one has two disjoint 'closed' sets X and Y in H and H contains many (X, Y )-bridges, then in fact X ∪ Y is closed.
The following result gives another condition that ensures we can 'merge' two closed sets
. . , a d be non-negative integers such that a 1 ≥ 1 and a i = 4. Suppose there exist at least εn 4 copies
and there exist at least εn 4 copies
Hence, we have at least 1 (4(3c + 1) + 1)! εn 4 2
5.1.
There exists a vertex v ∈ V (H) such that v ∈ L(e) for very few edges e ∈ E(H). Let H be a 3-graph satisfying the hypothesis of Lemma 2.2. Suppose further that there exists a vertex v ∈ V (H) such that there are at most εn 3 edges e such that v ∈ L(e) (that is, e ∪ v spans at least three edges). In Lemma 5.6, we show that there exists a small set
-factor and H \ V 0 is (6, η * )-closed for some constant η * > 0. First we will need the following result for graphs.
Proposition 5.5. Let n ∈ N and 0 < γ ≤ 1/20. Let G be a graph of order n with
Define η * > 0 to be the constant η ′ obtained by applying Lemma 5.4 with 1/30, 1/128 and 1 playing the roles of η, ε and c, respectively. Lemma 5.6. For 0 < 1/n ≪ ε ≪ γ ≪ 1, let H be a 3-graph of order n with δ 2 (H)
otherwise we call it bad.
Claim 5.7.
(i) There are at most √ εn 2 bad edges in G.
Proof of claim. For each bad edge uw, there are at least 3 √ εn edges e of H such that uw ⊆ e and e contains at least two edges in G. Moreover, v ∈ L(e). Thus there are at least 3 √ εn edges e of H \ {v} such that uw ⊆ e and v ∈ L(e). If there are at least √ εn 2 bad edges, then there are at least 1 3 √ εn 2 · 3 √ εn = εn 3 edges e ∈ E(H) such that v ∈ L(e), contradicting the assumption. Thus (i) holds. Suppose that u ∈ V (G) is incident with a good edge uw in G. Note that
Let V ′ 0 be the set of vertices u ∈ V (G) that are incident to at least 
Let G ′ be the spanning subgraph of G \ V 0 induced by the good edges. Note that for all u ∈ V ′ ,
and so
as |Y | ≤ (1/2 + 50γ)n ′ . Therefore,
Note that for every 3-set T ⊆ X that forms a triangle in (c, η) -closed components. Because of Lemma 5.6, we may assume that for every v ∈ V (H), there are at least εn 3 edges e such that v ∈ L(e). Recall thatÑ c,η (v) is the set of vertices that are (c, η)-close to v in H. First we show thatÑ 1,η (v) is large for each v ∈ V (H).
Partitioning V (H) into
Proposition 5.8. Let n ∈ N and 0 < ε, γ < 1. Let H be a 3-graph of order n with δ 2 (H) ≥ (1/2 − γ)n. Let v ∈ V (H). Suppose that there are at least εn 3 edges e ∈ E(H) such that v ∈ L(e). Then |Ñ 1,γε (v)| ≥ (1/4 − 3γ)n.
Proof. Let E ′ ⊆ E(H) be the set of edges e such that v ∈ L(e). By Proposition 3.2, for every edge e ∈ E ′ , |L(e)| ≥ (1/4 − 2γ)n. Thus, we have
For any e ∈ E ′ and any u ∈ L(e) \ {v}, e is an (u, v)-connector of length 1. Hence, if u = v is a vertex in V (H) and there are at least γεn 3 edges e ∈ E ′ such that u ∈ L(e), then u ∈Ñ 1,γε (v). Thus
Next we show that V (H) can be partitioned into at most 4 parts such that each part is (16, η)-closed in H.
Lemma 5.9. Let 0 < 1/n ≪ η ≪ ε, γ ≪ 1. Suppose H is a 3-graph of order n such that
Proof. Let α, η 0 , η 1 , η 2 , η 3 , η 4 be such that α ≪ γ, η 0 := εγ and
Throughout this proof, for v ∈ V (H) and i ∈ [4], we writeÑ
We also write 2 i -close (respectively 2 i -closed) for (2 i , η i )-close (respectively (2 i , η i )-closed). By Proposition 5.2 and the choice of the η i s, we may assume thatÑ
Since |Ñ 2 0 (v)| ≥ (1/4 − 3γ)n for any v ∈ V (H), any set of five vertices in V (H) contains two vertices u, v such that |Ñ 2 0 (u) ∩Ñ 2 0 (v)| ≥ (5(1/4 − 3γ)n − n)/ 5 2 ≥ n/50. Thus the number of (u, v)-connectors of length 2 in H is at least
which implies that u and v are 2 1 -close to each other in H. Also we may assume that there are two vertices that are not 2 4 -close to each other, as otherwise H is 2 4 -closed and lemma holds with P = {V (H)}. ( This implies that v 1 and v 2 are 2 6−d -close in H, a contradiction.
In this case we add v to U 0,i (we add v to an arbitrary U 0,i if there are more than one such i).
Let For any U 1 , U 2 , U 3 , U 4 ⊆ V (H), we say that a copy
Proof of Lemma 2.2. Let η * be as defined before Lemma 5.6. Since ε ≪ γ ≪ 1, we may assume that ε ≪ η * . Let ε 0 be such that φ ≪ ε 0 ≪ ε. Let H be a 3-graph of order n with δ 2 (H) ≥ (1/2 − γ)n and so that H is not 3γ-extremal.
If there exists a vertex v ∈ V (H) such that there are less than ε 0 n 3 edges e ∈ E(H) such that v ∈ L(e), then Lemma 5.6 implies that there exists V 0 ⊆ V (H) of order at most 8 4 √ ε 0 n such that Therefore, we may assume that for every v ∈ V (H), there are at least ε 0 n 3 edges e ∈ E(H) such that v ∈ L(e). Let c 4 := 16 and for d ∈ [3] , let c d := 5c d+1 + 1. Let η, η 1 , . . . , η 4 be such that We will now show that we obtain a contradiction if d = 2, 3, 4 and so d = 1, as required.
Without loss of generality, assume
First assume that e(V 1 V 2 V j ) ≥ ηn 3 for some j ≥ 3. Since δ 2 (H) ≥ (1/2−γ)n, by Proposition 3.2, each V 1 V 2 V j -edge is contained in at least (1/2 − 3γ)n/2 copies of K 
appears because a copy of K − 4 may be counted twice if i ∈ {1, 2, j}). It is easy to see that we can order 1, 2, j, i as i 1 
Altogether, this contradicts the minimality of d.
So we may assume that e(V 1 V 2 V j ) < ηn 3 for all j ≥ 3. Since
By Proposition 3.4, there are at least 
Altogether this contradicts the minimality of d. So d ∈ {3, 4}.
By Lemma 3.3, since H is not 3γ-extremal, H contains at least γ 2 n 3 V 1 V 1 V 2 -edges and at least γ 2 n 3 V 1 V 2 V 2 -edges. By Lemma 5.10, we may assume that there are at most ηn 4 copies K − 4 with two vertices in V 1 and two vertices in 
Similarly, we have e(
By Proposition 3.4, there are at least Let H be a 3-graph of order n. Let X, Y be two disjoint subsets of V (H). Given a constant ρ > 0, a set xx ′ y of three vertices with x, x ′ ∈ X and y ∈ Y is called (ρ,
In the next lemma, we show that given a copy of K 3 4 on xx ′ yy ′ with x, x ′ ∈ X and y, y ′ ∈ Y , then we can find many (X, Y )-bridges (containing this K 3 4 ) unless xx ′ y is typical. Lemma 5.11. Let γ > 0. Let H be a 3-graph of order n with δ 2 (H) ≥ (1/2 − γ)n. Suppose that X, Y is a bipartition of V (H) and that xx ′ yy ′ spans a copy of K 3 4 in H with x, x ′ ∈ X and y, y ′ ∈ Y . Then at least one of the following holds:
(a) xx ′ yy ′ is contained in at least γn/4 5-sets that span (X, Y )-bridges of length 1;
Proof. First note that each z ∈ L(xx ′ y) ∩ X gives an (X, Y )-bridge (z, y ′ , {x, x ′ , y}) of length 1 because both zxx ′ y and xx ′ yy ′ span copies of K − 4 . Thus we may assume that
or else (a) holds. Since xx ′ y ∈ E(H), this implies that |N (xy, X) ∩ N (x ′ y, X)| ≤ |L(xx ′ y) ∩ X| ≤ γn/4. Furthermore, by Proposition 3.2, we have 
If deg(xx ′ , X) + deg(xy, X) + deg(x ′ y, X) < |X| − 11γn/2 , then we replace the first inequality in (5.7) and obtain that deg(xy) + deg(xy
a contradiction. We thus have that deg(xx ′ , X) + deg(xy, X) + deg(x ′ y, X) ≥ |X| − 11γn/2. Together with (5.8), it follows that deg(xy, X) + deg(x ′ y, X) ≥ |X| − 9γn. We thus deduce that xx ′ y is (9γ, X, Y )-typical and (b) holds.
Now we prove a similar lemma in which we assume xx ′ yy ′ spans a copy of K − 4 -this requires a more careful analysis of the neighbourhoods in the proof.
Lemma 5.12. Let γ > 0. Let H be a 3-graph of order n with δ 2 (H) ≥ (1/2 − γ)n. Suppose that X, Y is a bipartition of V (H). Let x, x ′ ∈ X and y 1 , y 2 ∈ Y such that xy 1 y 2 , xx ′ y 1 , xx ′ y 2 ∈ E(H). Then at least one of the following holds:
(a) xx ′ y 1 y 2 is contained in at least γn/4 5-sets that span (X, Y )-bridges of length 1; (b) there are at least γn/4 copies K of
Proof. We assume that neither (a) nor (b) holds. Fix i ∈ {1, 2} and consider the edge xx ′ y i . Note that each z ∈ L(xx ′ y i ) ∩ X gives an (X, Y )-bridge (z, y j , {x, x ′ , y i }) of length 1, where j = 3 − i. Thus |L(xx ′ y i ) ∩ X| < γn/4 or else (a) holds. Therefore by Proposition 3.2, we have
or else (b) holds. By combining (5.10) and (5.12),
By a similar argument on the edge xy 1 y 2 , we deduce that |X| ≥ (1/2 − 15γ/4)n. Therefore,
, then together with (5.10) this gives that
For 0 ≤ ℓ ≤ 3, let n ℓ be the number of vertices of Y that belong to ℓ of the sets N (xx ′ ), N (xy i ), N (x ′ y i ). Clearly, n 0 +n 1 +n 2 +n 3 = |Y | and n 1 +2n 2 +3n 3 = deg(xx ′ , Y )+deg(xy i , Y )+deg(x ′ y i , Y ). We may assume that n 3 ≤ γn/4 otherwise (b) holds. By (5.15),
which implies that 2n 0 + n 1 ≤ 15γn/2. In particular, 
If |N (xx ′ , Y )| ≥ 16γn, then we get
In particular,
implies (a), a contradiction. Thus we assume that
We further have
(5.14)
≥ |X| − 26γn.
So (T3) holds (with ρ = 26γ). On the other hand, we have
Finally, (5.17) implies that deg(xx ′ , Y ) ≥ |Y | − 16γn so (T1) holds. We thus deduce that xx ′ y 1 is (26γ, X, Y )-typical and (c) holds.
In the next lemma, we show how to use (ρ, X, Y )-typical edges to find (X, Y )-bridges.
, V i j is (c, η)-closed in H and has size at least (1/4 − 4γ)n.
Suppose that there are at least εn 4 copies xx ′ yy ′ of K − 4 in H such that x, x ′ ∈ X, y ∈ V i 3 , y ′ ∈ V i 4 and xx ′ y is (ρ, X, Y )-typical. Then at least one of the following holds:
(a) there are at least ε ′ n 4c+5 (X, Y )-bridges of length c + 1 in H;
Proof. Define ε 0 so that ε ′ ≪ ε 0 ≪ ε. Let Y be the set of pairs (y, y ′ ) such that (i) y ∈ V i 3 and y ′ ∈ V i 4 ; and (ii) there are at least εn 2 pairs x, x ′ ∈ X such that xx ′ yy ′ spans a copy of K − 4 and xx ′ y is (ρ, X, Y )-typical. Note that |Y| ≥ εn 2 -otherwise there are at most |Y| n 2 + n 2 εn 2 < εn 4 copies of such F , a contradiction. Fix (y, y ′ ) ∈ Y. Let G be the graph on X such that xx ′ ∈ E(G) if xx ′ yy ′ spans a copy of K − 4 and xx ′ y is (ρ, X, Y )-typical. Thus e(G) ≥ εn 2 . Applying a classical result of Erdős [5] , we can find at least ε 0 n 6 copies of K 3,3 in G. Fix a copy of K 3,3 and label its vertices as {x 1 
Then at least one of the following holds. Now we return to the proof of the lemma. We apply the claim for each pair (y, y ′ ) ∈ Y and each copy of K 3,3 in G.
First assume that for some pair (y, y ′ ) ∈ Y, at least ε 0 n 6 /2 copies of K 3,3 in G satisfy (ii) of the claim. Then X is not (c, η)-closed, so X = V i 1 ∪ V i 2 with V i 1 ∩ V i 2 = ∅. In addition, either |L(x 1 x 2 x 3 ) ∩ X| ≥ |X| − 18ρn or |L(x ′ 1 x ′ 2 x ′ 3 ) ∩ X| ≥ |X| − 18ρn. This implies that at least ε 0 n 3 /2 The only other case to consider is when for every (y, y ′ ) ∈ Y, at least ε 0 n 6 /2 copies of K 3,3 in G satisfy (i) of the claim. In this case, for each (y, y ′ ) ∈ Y, there exist at least ε 0 n 6 /2 6-sets W ′ ⊆ X such that there are at least ε 0 n 4c (X, Y )-bridges S 0 of length c + 1 with |V (S 0 ) ∩ (W ′ ∪ {y, y ′ })| = 5. By averaging, for each such W ′ , there is a 5-subset W 0 ⊂ (W ′ ∪ {y, y ′ }) that is contained in at least ε 0 n 4c / ≥ ε ′ n 4c+5 , yielding (a).
We are ready to prove Lemma 5.10.
